Introduction 0.1. A PoincarC duality group is a group whose (co)homology fulfills duaiity relations analogous to those of the (co)homology of closed manifolds. More general duality groups have been introduced ['i ] whereby the orientation module 2 (with trivial or nontrivial group action) is replaced by a dualizing module C whose underlying abelian group need not be Z. In the present paper, we investigate pairs of' groups (G, S) consisting of a group G and a subgroup S whose relative (co)homology fulfills duality relations similar to those well-known for compact manifolds-with-boundary.
Such pairs are called Poincurk' duality paits. Here again, the orientation module 2 can be replaced by a more general dualizing module C, but apart from general statements we will restrict ourselves essentially to the Poincare case.
(X2. In order to formulate such duality relations, one has to use appropriate relative (co)homology groups of the pair [ 13,141; these are denoted by H'(G, S; A) and &(G, S; A), where A is an arbitrary c efficient G-module. ('(3, S) will be called a duality pair, of dimension n and with dualizing module C, if on2 has isornorphisms, for all k E H'(G, A)= Hm-k(G, S; CO on the basis of the concept of Poincare duality pairs, the notion of cobordism of Poincark duality groups can be introduced and investigated. This is one of the motivations for the present study but will be done in a subsequent paper (for a preliminary annsuncement see [9] ). The definition of cobordism, however, requires an important generalization of the concept of a group pair and its relative (co)homology, suggested also by other applications and geometric analogies; namely, instead of a single subgroup S one has to consider an arbitrary famiZJj 9 of subgroups of C; (where the same subgroup is allowed to occur several times). I:1 the following a "pair" will always refer to a group G and a family 9 of subgroups. If the f,amily is empty, (co)homolo;gy is understood to be ordinary absolute (co)homology of G. 0.3. In Chapter I we study relative (co)homology for group pairs with respect to the standard exact sequence < the cap-products, and the Maier-Vietoris sequences for amalgams and HNN-E slensions. The relation with geometric models, i.e., Eilenberg-Mac Lane pairs : ssociated with group pairs, is described in detail but not used for proofs here (nor in the sequel). We prefer a purely algebraic procedure in order to avoid geometric c jnstructions in Chapter II and in later applications. 0.4. In Chapter II we investigate group pairs fulfilling homological duality (1). If (G, 9') is a duality pair then the dualizing module C and the dimension n are determined by (G, Y), and 5" is a finite family of duality groups of dimension n -1 whose dualizing modules are canonically isomorphic to C.
Hk(G,
In the Poincare duality casz, each of the isolnorphisms (1) implies the other. From this we deduce that a group pair is a Poincare duality pair if and only if G is a duality group with a particular dualizing module AG,y; namely, the kernel of the augmentation map EG/Y + E. Thus various known results and criteria for duality groups can be applied.
The objective here is to establish criteria for Poincare duality and various general properties and extension theorems. We list some of the results (PD" stands for "Poincare duality of dimension n"):
(a) (G, 9) is a P *-pair if and only if G is of type (FP) and k(G;ZG)=O for removed (m 2= 2 if conjectured that al ire&ion are made. In particular we show: (d) (G, 9' ) is a PD2-pair if and only if G nitely generated free and 9 a finite family of infinite cyclic subgroups such that (e) Let G be a free group of rank 2 and let Then (G, S) is a PD2-pair if and only if there ar tors x, y E G such that is generated either by xy~-'y-~ or by xyxy?
(f) If (G, 9) is a PD2-pair, G free of rank pt, 9' consisting of m cyclic subgroups, then m GR + 1. Let H be the group with free presentation (G; 9). If then H is trivial; if m = n, IH I= 2; and if m < n, then H is a PI% roup presentation by n -m + 1 generators and a single efin; lg relation (more precisely, there are free generators x1, . . . , x,~ of G such that xi is conjugate to a generator of SjE9, j=l,..., m-l).
airs a tive
We formulate the notions of relative homology and cohomology for pairs of groups (cf. Takasu [ 141 and Ribes [ 131) in a more general setting and establish their basic properties. similarly for Q". Finally let 5@ =z P) and 9 k 8. In that case, factor Q as p+,
where p is given b:y the identity of G. Define 1.4. The relative groups of a pair (G, 9') and the whole relative exact sequences of Proposition 1 .I can be expressed in terms of relative groups and sequences of a complex module a subcomplex, as follows.
esolution of the and the exact homology sequence of (1.1) is precisely the homology sequence of Proposition 1.1. Similarly., the exact (G-equivariant) co (1.1) is the cohomology sequence of Pro Using the mapping cone (a!), the sequence (1 a 1) can be transformed into (14 where ' is the suspension'of v)n = P&-l ). We recall that is given by = PL-I @Pi, a(p', p") = (-apt, top' + ap"); and y is defked by y (p', p") = p' E P;.-1 ')". 'The map l S:
given by Q(p), p") = /i?p", commutes with a. We then obtain, for any CC efficient G-module A, a diagram of (Gequivariant) homology groups
which is commutative (the middle square up to sign -1 only). Q* is an isomorphism 8 homotopy equivalence. is a G-projectrre on of ' a F-projective resolution of A wi dimension shift:
Similarly the diagram of cohomology groups
a* , Hk( by isomorphisms which are compatible with the I sequences for w and for the pair ( Y( ns, see above). Similarly for the cohomology groups. We summarize these results as follows. complexes of 2 and Y respectively, with G acting b overing transformations. is a free G-complex generat by the cells of X, and the subcomplex generated by the cells of Y; clearly Obviously J? is acyclic; ) for all i it follows that each Vi = rB1( Yi) conDlsts of copies of the universal cover of Yi, and thus P is acyclic too (in dimensions Z with trivial G-action, Ho correspond bijectively to the cosets of G modulo Si, with corresponding G-action). The inclusion 9 c rf induces on Ho augmentation G-projective (free) resolution of Z, of ZIG/L+', and Applying Proposition 1. _' we get a geometrical interpretation of the relative sequences of the group pz ir (G, 9'):
elatius ho y and imat+ duality 285 ), for aH r, s E Z. projective resolution for G ; then so is -+Z (diagona1 action). For e = A) define fl(e Of)* also written e n f, by
If one prefers to remain in one chooses a homotopy e~~iva~e~~e q:
and puts, for e E Q&C, e n f = q(e)n f. Using the for f E Horn&P,, A) one then passes to (co-)homol For a group pair (G, 9') with sP# 8 we define them to the absolute case. We consider two types (they might be easily included in one general se on):
will be crucial in t ut this will not occur later (a! H,+,(G, 9'; C)OM'(G; A)%#% 9; CBA!, They are taken, for simplicity, with the identity pairing of COA; however, to define them in terms of absolute products, we use ot (a) is defined to be the cap-product correspondig to the i ity pairing (h@C)@A + A63CO (b) is the product H r+s_l(G; A @C)@H '-'(G; corresponding to the "evaluation" pairing '$3 :
6.k 9 A!. and so on. Wp, write a (or 6) for connecting homomorphisms in (co-)homology, with respect to short exact coefficient sequences (not to be confused with 61 and S in complexes), These connecting homomorphisms commute with cap-products as follows.
( i.e., the following diagam commutes If these three diagrams are included in the respective long exact coefficient (co-)homology sequences, one notes that-apart from certain signs--the cap-product induces maps of the whole long exact coeficient sequences, in all three cases above.
s All statements of this section are easily carried over to the relative cap-products (with certain changes of signs due to dimension shift).
2.3. We further recall that lb? absolute cap-product is natural with respect to group homomorphisms cp : F + G, in the sense that the adjoinc of the product 
H,+s(G;
C
,
The case (a) is similar; Q* at left and right are connecting homorphisms, and one obtains commutativity of the diagram again up to sign (-1)'.
2.4.
We now establish the main result of Section 2 stating that for e E Hn (G, 9'; C) the cap-product en-maps the exact cohomology sequence of G modulo 9' (Prop. 1.1) into the exact homology sequence.
Let (G, 9) be a group pair with 9 f 0, A and C G-modules and e E H&3,9; C). Then the cap-product ladder is commutative. Now all groups of (2.5) can be expressed as absolute groups of G w of 9 or as relative groups of G modulo 9'. The vertical arrows, except for the nd one, are by definition the relative cap-products with e E N,-r(G; A OC)= . It thus only remains to show that the second vertical arrow can be p-product in 9 with de E H,-&Y'; C); i.e., in each Si -*ZG/9@C maps e&t&,-l(G;AOC) to e'E er the isomorphism of this group with H,,-@; C), e' with respect to @2 is the same as e'n-with e to check that under the usu$ subgroup is commutative. Thus Theorem 2.1 is established.
2.5 Let (X, Y)= X(G, 9'; 1) be an Eilenberg-MacLane pair for (G, 9'), cf. 1 S.
For an element e" E I&(X, Y; C) one has the usual topological cap-product ladder 
which commutes up to signs as indicated. Theorem 1.3 provides an isomorphism of each of the exact sequences of (2.8) to the corresponding sequence of G modulo 9' as appearing in the ladder of Theorem 2. I. By straightforward computation one checks that the isomorphisms constructed in the proof of Theorem 1.3 are compatiblb with the two cap-product ladders. More precisely, if e E Hn(G, 9; C) corresponds to e' E Pr,(X, Y; C), these isomorphisms commute with the cap-products en-and WI--, up to signs. E.g.,
3. a3'er=V'icr?tcPris'sequences 3.1. Ltet the groups G,. and G2 be given by presentations Gk = (Xk ; Rk), k = 1, 2, where Xk is a set of generators and Rk a set of defining relations for Gk. If Tl c GI, T2 c G2 are subgroups wish a given isomorphism tz Tl= T2, then the free product G1 *&S2 of G1 and GZ with amalgamated subgroup T = Tl = T2 is given by G1 *TG2 = (Xl, X2; RI, 82, t = a(t) all t E T).
Similarly, if G1 = (XI; RI) and if T, T' are subgroups of GI with a given isomorphism u: T = T' thf.v,n the HNN-group G * 1 Tlv over the base group G1, with respect to c T = T' and with stable letter p, is given by G1 ST,, =(X1, : ; 9
RI, p-'tp = u(t), t E T).
In this sectlon we de< Jce Mayer-Vietoris type sequences for the (co)homology of group pairs (G, 9) wh,.ch are constructed in terms of amalgamated products and HNN-extensions. For c'mplicity, the coefficient G-module A is often omitted in the diagrams.
3.2. We recall two short exact sequences associated with ams:lgamated products and HNN-extensions re:.Tpectively. For the proof of (a) see [ 3.3. Let G, 9') be a group pair, 9 = {Si, i E I} and U a subgroup of G. Then 5% U = (Si rl U, i E I} is a family of subgroups of U; extending the '"absolute" otation we write : L&,~~~T -) ZGpl T denote the restric-/T. Then one checks readily that (and similarly for QI = 2) is (3.4) or (3.5). This shows t.6) are induced by per.
ing homorphisms" (3.7)
orcm 3,ci are induced by p: A~,YvTu~+ZG1/T, which is the
duce a r&%ion between the homomorphisms (3.3) occurring in .2 and 3.3 and the homomorphisms (3.6), (3.7) occurring in Theorems : Using the notation of Theorem 3.5 one has (interpret jl as j and jz as j' 3.7. Now we establish the main rcsv?t of Section 3, stating that the sequences are co ~~~~c~. 4. I, We first extend some terminology concerning resolutions from the absolute to the relative case. The cohomology dimension of tf;c group pair (6,9'), w cd@, 9'), is the maximum integer n with H"(6,9'; /I]+ 0 for if there is no such integer, cd(G, 9') = 00. Homology tiimension similarly. If 9'# 0, then clearly cd(G, 9)~ n (hd(G, 3')~ n) if and G-module of projective (flat) dimension <IJ -1.
Then the two cap-product ladders (with coefficient
The pair (G, 9') with 9 # 0 is said to be of type (FP),, n an integer a 1 or the G-module A G/y admits a G-projective resolution l l 9 + AG/sp which is finitely generated for i s n -1 (inrhecaseY=O,if S isofty i.e., if Z admits a resorution which is finitelv generated for i s n). We note that type VP) n9 n 3 1, implies that 9' is a f'inite family of subgroups Si c G.
4.2. We now define general "duality pairs" and note some of their basic properties. Then we restrict ourselves to the special case of "Poincare duality pairs" while the general case will be investigated in full detail elsewhere.
The group pair (6, 9) is calle r, if there is a G-module C and an element e E the cap-products
are isomorphisms for all G-modules A and ali k E h. Since aer,-is an isomorphism the family must be finite, and each tin-is an isomorphism for all G-modules A and all k E Z. To establish (iii) and (iv) we have to show that eirt-is an isomorphism for all &modules 1?. 5.2. We will show that the inverse-dualizing module C is E-free; and that inverseduality groups and duality groups with Z-free dualizing modules C are the same (with C = C and with coinciding dimensions and fundamental classes Z = e). We first prove H'(G; ZG), whence '(C;ZG)=O for i*n and H"(G; ZG) is Z-free. By (7), Theorem 4.5, G is a duality group with dualizing module C = H"(G; BG).
R. Bieri, B. Sckmann
. We consider the isomorphism (t?n--): H'(G; FAom(C9 A))= om&', A)+N,(G; A). y elementary uality I& (G ; A) is nat rally isomorphiq to the homology of HomG( *, /n) at 01; i.e., to HomG(C, A), since C = Pz/a*BE-I. Thus Zn-yields a natural equivalence of functors Horn&C, -)+ Homc(C, -), hence C = C. -VVe choose g: C+ C such that e'ng = 1 E Horn&C, C). Now Horn&', C)= E&(G; C)=H is generated by 1; thus Zng = e is a generator of H,(G; C), i.e., a fundamental class for G. But obviously e'ng = g*(Z), i.e. the isomorphism g : C + C carries Z to e. 53. We ROW assume that '3 is a duality group of dimension n with H-free dualizing -HZ be ; finite projective resolution for 6. The ective I esolution of C. The cap-product e nentity pairing of CO, :G is a homology isomorphism @C and hence a homctopy equivalence. The diagram, where e;>,+-refers to the evaluation pairing C@Hom(C, A+ A, and where ~5 is the elementary duality isomorphism, Hom(C, A)) en,,-1 1 OC, A) ten-,*_ Horn& is easily seer, to be commutative (up to sign (-1 )&lnak) on Pk). en-being a otopy equivalence, so is (en-)* and hence a homology isomorphism. Thcls e A,,--is a homology isomorphism, i.e., G is an inverse-duality group with C = C and Z = e.
Combining this with Propositions 5.4 and 5.4 we have

A group G is an imerse-duality group of dimerzsion n if and only if it n with Z-free dualizing module C. The inverse-C, and inverse~duality is given by e nev-where e is dative ~0~010~~ and incart! duality 303
G-module /I. Xf the &ion on 2 is trivial (A = D"-pair is o~ie~~a~~e, otherwise non-orientable. It can be oriented in both rases (cf. 4.2). By Theorem 4.2, where 2 is an Si-module by restriction to Si (trivial or not).
In the PD"-case, with 9# 8, G is a duality grou of dimension n -1 with dualizing module bG,g~ = b. The isomorphism (4.2) ca e expressed as i.e., as G being an inverse-duality group. Since A and-hence are Z-free, duality and inverse-duality imply each other (Theorem 5.5): .ility groups are 0 we therefore have simple criteria for PD"-pairs (if L7 is empty, only (ii) below is meaningful; it is just the usual criterion for a PD"-group):
.
(G,5@) is a PD"-pair with dualizing msduie 2 if and only if one of the (i) Gisqfgype (FP),andHL(G;ZG)=Ofork#n-1,s G,Yfork=n--1.
(ii) (G, 9) is of type (FP), and Hk(G, 9; ZG)= 0 for k # n, =t for k = n.
roof. We only have to show that (i) and (ii) arc equivalent.
(i)+ (ii): Let -nZ be a finite projective resolution f projective complex, exact except at 0 where its d is a finite pro ective resolution, and s
Hk(G, 9; ZG) = IExt&'(A, ZG) =
for k f n and ~2 for k = 12 (since -& is a projective resolution).
(ii)-+ (i) is proved exactly in the same way, starti dimension n -1 with dualizing module A G/SP. By Proposition 6.1 (G, 9) is a PD"-air (orientable): mples. Take for G a non-trivial knot group, G = rl(X) where X is the closed complement of the knot in S3; let S be the image of q&X) in G under the inclusion ax --L X. One kr.!ws that the inclusion is a monomorphism (hence S free Abelian on 2 generators, r !X being a torus). (X, ax') is an Eilenberg-MacLane pair Fop (G, S), ,-ind thus (G, $ i a PD3-pair. An example of a PD2-pair is obtained by taking for , l a closed ori/-n table surface of genus 2 1 from which an open disk has been r,emoved, hnd Y = i .K Here G is a free group on generators als .bl, . . . , a&, bk, and S the cyclic s tibgroup generated by their commutator product far, b,]... lak, tk]. The .*ase of dimension 2 is dealt with algebraically in Chapter III.
7.1. We first extend, in a simple situation, the Lyndon-Hochschild-Serre spectral sequence to pairs. ropuition 7.1. Let (G, 9') be a group pair, 9'= {Si, i E I) f 0, and N * G G Q an exact sequence of groups with N c S1 for all i E I; put T= ~(9). Then there are natural finitely convergent spectral sequences, for a G-module A, HdQ, 9; HqU'k A)) 3 Hp+*(G, 9; A),
H"(Q, ST; H'(N; A)) 3 HP+'(G, 9'; A).
f. Consider the absolute L.-H.-S. homology and cohomology spectral cients A @A and Hom(A, A) respectively, where A = AG/y = ural isomorphisms
@A)=A@H,(N;A), , A))= f4om(A, H' (N; A)).
Under the assumptions of ~~ropos~tio~ 7.1, ass )is 4-; #a f ly if ( , 3) is.
(FP),, Hq(N; IMG)=nH,(N; ZG)= 0 for q # 0, =IMQ for q =O. Thus the first spectral sequence of Proposition 7.1 collapses and yields isomorphisms for all K.
TorfG(A, U ZIG)= Hk+*(G, 9'; I2 ZG)= Hk+l(Q, F; II ZQ)
=TortO(A, I7 ZQ).
The assertion now follows from [8], Proposition 1.2. (ii) If N is of type .(FP)* and cd@, T)< 00, and if (G, 9) is a PD-pair then N is a PD-group and (Q, 9) a PD-pair.
7.3.
Next we attempt to find a relative version of the finite extension Theorem ([7] , Theorem 3.3). Let (G, 9') be a group pair with 9'= (Si 1 i E I}, and H a subgroup of G. For each index i E I we choose a system Xi of double coset representatives of H\Qi/Si; then we consider the family of subgroups of H, eover rp is an isomorphism, its inverse being given by cp-'(k n SP)) == hx'Si, 2 h E $i: Thus we have
-module isomorp
If 9 = 0 (and hence H n 9'@ = 8) the assertion is well-known, see e.g. [7] , ition 3.1. So let 5pif0. Since A =AH/H~SPC= -AG,~ has a G-module structure we can define a canonical isomorphism of G-modules. Now9 sin= H is of finite inpex in G, thli: G-module Horn&G, ZU) is iso-G ; ther, :foye we have isomorphiisms
9: Hk(H,H nY@; kH)= Hk-"(H; Hom(A,ZH))
= m 7.6. LRt (G, 9) 
be a pari of groups, with G torsion -free, and let H be a subgroup of finite index in G. Then (G, 3') is a PD"-pair if and only if (H, H n 9") is. 77~ dualizing modules are isomorphic as H-modules.
Proof. With regard to Theorem 6.2 (ii) the assertion follows from the following three facts. Firstly: One has natural iaomorphims 
Proof. (i) By Theorem 4.2 (iii)
T is a PD"-' -group and its dualizing module C = H"-'(T; ZT)= 2 can be identified consistently with the dualizing modules of (G1, 9, u T) and (Gz, YZ w T). Therefore C has a G-*module structure, Now the homology part of Theorem 3.5 yields the exact sequence We chocse fundamental classes e, E Hn(Ga, .Ya u T; C) and e& Hn-l(T; C) sudh that (3el a= aez = eo, and consider the element e E Hn(G, 9; C) which maps onto (er, -es). Us%g Theorem 3.7 and the 5-Lemma shows immediately that (G, 9') is a PD"-pair with dualizing module C and fundamental class e.
(ii) Let H" (G, 9"; PG) 5= 2 be the dualizing module of (C, 9). Lemma 8.2 below shows that the map (30 : Hn(G, 3'; 3) + HBml(T; f) is a monomorphism whose image J = aoHn(G, 9; f) is isolated in Hn-l(T; 2) (i.e., if mx E .I, for an integer m > 1 and x E Hn-l(T; z), then x EJ). But by Poinear$ duality HI,-l(T; 2) can only be trivial or infinite cyclic, hence $! (considered as a T-module by restriction) is the dualiizing module of T, and & is an isomorphism. If e E Hn(G, 9; 2) is a fundamental clam for (G, 9') then &e E H,-l(T; 2) is a fundamental class for T and the assertion fo'llows by Theorem 3.7 and the S-Lemma.
(1) The above 0'0~s that under t tions of (2) Assertion (i) and a weak verz;im of (ii) hold for arbitrary Da-pairs. Indeed, in proving (i) we never used the fact that C = f, hence the proof is valid for D"-pairs. ln proving (ii) C = H"(G, 9; hG)= % was used solely to prove that N,--r(7'; C) is infinite cyclic; therefore t&e statement (ii) holds for D"-pairs under the additional assumption that (G, 9) af:,d T have the same dualizing module C. If (GI, .Yw Tw T') is a PD"-pair, so is (G, 27).
If (G, Y) is a PD"-pair and T is a PD"-'-group, then (Gl, 3% T v T') is a moduels of (G, Y), (G1, Sp w T u T') and T are all iso-
), considered as a G1-module and as a T-module by rest~~tion ; hence if (G, 9) is orientable, so is (G1, 9 u T v T').
Theorem 8.3. For this we need the concept of the "fundamental group of a graph of groulps" due to Bass-Serre [I] . A graph of groups consist of a connected graph & with non-empty set of vertices and with< the following addlitionab structure:
(i) For every vertex v of @5 there is,given a group G,.
(ii) For every edge e of "@, from v to 21'~ there is given a pair of subgroups S,' c G,, SL c Gut, and an isonaorphism t7c.z S, +G:. I (8 is said to be finite if the set of all edges and the set of all vertiees are finite. The fundamental group of a (finite) graph of groups, denoted by v(@), is defined as follows: Choose in @ a maximal tree % and construct the tree product H with respect to % (= iterated amalgamated proclucts along X). For every edge e of @ which is not in &, H contains a pair of isomorph ii: subgroups Ok: SC + S:. Now, ~(a) is the HNN-extension over the base group H with associateci subgroups {So SL}, where e runs through all edges of @ -55. Thus ~(a) is generated by all vertex groups G, and by stable letters te for every etlge e not in %, subject to the defining relations P=(S) = s, for ,every edge e in % and all s E S,, U=(S) = $st,, i'or every edge e not in % and all s G Se. One can show that up to isomorphism this definition does not depend upon the choice of %.
Iterated application of Theorems 8.1 and 8.3 now yields the following main result of Section 8. As before, the assertion (i) holds unchanged for D"-pairs, and itssertion (ii) holds for D"-pairs and -groups under the additicrcal assumption that the dualizing module of (n"(@), 9') and all 9': be the same. Moreover, the dualizing modules of (n(a), 9) and [G,, YaQ, a! = 1, e . . , k, are aiCE isomorphic to H"(w(@), 9; &(a)), considered as a G,-module by restriction.
8.5. As an immediate consequence one obtains a characterization of PD-pairs !n terms of PD-groups (this is the algebraic analogue of taking two copies of a -with-boundary and identifying the two boundaries): If (G, 9) is a group pair, consider the graph of groups @ consisting of two vertices wh are G and an isomo copy G'. 6&G= pairs of corresponded rs: (6, 9) is a D"'-pair with C can be extended to a nite family of are only two PD'-pairs (G, 9'): If 9 = 0, then G is an nd' hence infinite cyclic; and if 9 # 0 then cdG = 0, hence the SI ua:ion is already much more complicated.
-pai s (G, 9) are, of course, provided by the "surfaces-witht X be 2 closed surface 2 from which a finite number% of open a2ifZ=S2) and Y=aX;takeG=v1Xandlet9be -3 ps generated by the boundary circles. Then (X, Y) is an acLane pair for (G, 9), and (G, 9) is a PD2-pair (cf. Section 6), r not. A PD2-pair which can be obtained in this way will be called ive an algebraic treatment of geometric PD2-pairs. In Section duction steps towards the conjecture that all PD2-pairs are establish, in the present sectlon, a simple criteriorn for PD2-pairs. We tive version of [6!, Proposition 2.13, the proof o:! which ute case, if combined with suitable generalized MayerI&et (G,, Spp), Q! = 1,2, . . . , k, be a finite set of group pairs. Assume of groups C3 with edge groups ). Then one has for all n 2 1:
11 edge groups TB are of type )n, then so are the e relative versi -trivially into an = G1 *E,fl, where in either case 1~51 -c 00, and 9 splits into tw families 9 = 91 u Y'z such that each subgroup Sia E 5+?a is conjugate to a S:, of c;,, cy =I, 2. Let 9; = {&), cy = 1,2, Y = 9'1 v 9;. By Proposition 9.X the group pairs (Go, ,4p&), cy = 1, 2, are again of type (F Moreover, since Hk-' 1 (E; ZG) = 0 for all k 2 2, the cohomology part of Theorems 3.2 and 3.3 yields and the assertion follows from the fact that the index IG : G,I is always infinite.
The criterion can now easily be obtained. If (G, Sp) is a P by Proposition 6.1, G is a D1-group and by Theorem 4.2, L?' is a finite family oi PD'-groups: thus G is a finitely generated free group and Y' a finite fa infinite cyclic subgroups. Conversely, if G is a finitely generated free group and Y' a finite family of infinite cyclic subgroups, then it readily from the 1 sequences of Proposition 1.1 that (G, 9) is of ty H2(G, 9; ZG) is infinite cyclic then!, by Proposition 9.2, Theorem 6.2 (ii) can be ,lpplied. We thus have We deal with the general case by induction on g. Assume that the assertion of Theorem 10.1 (a) holds for some g 2 0. Putting a(tl) = r defines an isomorphism between the infinite cyclic groups (r), (t].) and we can form the I-INN-extension over F with stable letter u P= (F, u; u-'tlu 
It follows that F is freely generated by t3, I. . . , tm, ~1, . . . , x,, y 1, . . . , yg, u, tl. Moreover by Theorem 8.3 (F, (tz) u l l l u (tm)) is again a PD2-pair. As tr ' = t3t4 l l ' frn[xl, Yll ' l l [x,, yJ[u, tl] , this shows that the assertion holds for g + 1.
(b) Again we first prove the assertion for g = 0. Let F be the free group on h, 82, l . . , t,, zo and let 9= (tl)u l l l u(t,&(r),
Let H be the normal subgroup of F generated by X Then IF/H\ = 2, hence H is a free group of rank 2m + 1, and the 2m + 1 elements We again prove the general assertion by induction on g. Assume that the assertion of Theorem 10.1 (b) holds for sorne g 2 0. Putting a(r)= tl' defines an rphism between the infinite cyclic groups (r), (tl) and we can form the -extension over F with stable letter U, F = (F, u; u-h = t;') =(F,u;t2'q,,z;z:*-. z2,utg4 -1 t1= I}.
it foltows that F is freely generated by t3, . . . , tm, ZO, . , . , ze, u, tl . In this list of free enerators we can repi !tce tl by v = utl. Now it follows by Theorem 8.3 that 02S LJ l l . u (t,,J) is again a PD2-pair. As til = t3 l 9 l t,,,zg * l l z&~zI~, this shows that the assertion holds *I or g + 2. The cases g = -1 and g = 0 have been dealt with before.
Finally, in order to se 2 whether or not the PD2-pair (F, 9') is orientable it remains t.o consider the group I12(F, 9'; H) = ker(H&Y'; Z) + Nl(F; Z)). One finds that in the case (a j this kernel is generated by tl + t2 + l l = + t,,, -I E H@; Z), hence .&(F, 9; 9) = Z and (F, 9) is orientable; in case (b) the kernel is trivial and (F, 3') non-Mentable. This completes the proof of the theorem.
1 I. Are a51 PD2-pairs getmetric? I 1.1. One is tempted to conjecture that every PD2-pair (G, 9') is in fact geometric. In the absolute case 9' = $3 this would mean that every PD2-group G is isomorphic to the fundamental group of a closed 2-dimensional surface (we call this the "absolute PD2-conjecture"). In the relative case it would mean that every PD2-pair (G, 9) with 9' f 8 is of the form described in Theorem 10.1 ("relative PD2-conjecture").
We recall some results concerning the absolute PD2-conjecture: If G is a PD2-group admitting a finite free resolution, then G is residually nilpotent (DyerVasquez [ 121) ; morecver, if such a group can be generated by 2 elements then G is either free Abelian of rank Z or isomorphic to the fundamental group of the Klein bottle (I. Cohen [ll] ). Arbitrary PD*-groups have the property that all their s~b~ou~ of infinite index 3re free (R. Strebel[l6] ). e absolute and the relative PD*-conjecture are, of course, strongly related: In act it can b3e proved that the sbsolute PD2-cciljecture implies the relative one. This sts that the relative PD2-conjecture might be easier to attack, all the more so at case G is a free group. Indeed, it is a consequence of Theorem 11.6 below that the relative PD2-conjecture is implied by the absolute one for oneup (cf. Remark 11.8).
F generated by .Y and let H = F/R; i.e., H is the group given by the presentation H= (F;9')=(x1,x2 ,..., x";rl,rz ,..., r,,,) Pagpdti~n lL1. (9976)) one knows that the one-relator presentations for the fundamental group of a ctosed surface form a !Bingle transitivity system with respect to free substitutions. This means that we can choose a set of free generators in F suclh that S is generated by the canonical reiator of a surface group. Corouaty 1 L3. Let F be the free group of rank 2 and S an infinite cyclic subgroup. If (F, S) is a PD2-pair then there are free generators x, y of F such that S is generated either by xyx-'y-' or by xyxy-'; i.e., the PD*-pair (F, S) is geometric.
Proof. By Proposition 11.1 the group H = (F; S) is an absolute PD*-group. Beir.2 a one-relator group H admits a finite free resolution of length ~2, hence J. Cohen's result applies and H is geometric (i.e., H is either free Abelian of rank 2 or isomorphic to the fundamental group of the Klein bottle). By Proposition 9 1.2 this implies that (15 9') is a geometric PD*-pair. F=(x,, . . . , x,) and 9 = (Si, i E I}, Si = (ri), be as in Section 11.2. The following proposition shows the group-theoretic significance of Proposition 11.2. This is a special case of a result of C.T.C. Wall's [ 191, but we give an easy direct proof. . In particular it follows that if (F, 9) is a PD2-pair with m s n then H is cyclic (or trivial); there> fore H being an absolute PD2-group implies m < n. This completes the proof of Proposition 11.1.
Let
As an application of Theorem 11.6 we can prove the relative PD2-conjecture in a further special case, n;.: lely for n = 2, m = 3: 3. Let F be the free group of rank 2 and 9 a fame y of three cyclic subgroups. If (F, 9) i, a PD2-pair, then there are free generators x, y of F such that these subgroups are conjugate to (x), (y ) and (xy ) respectively.
roof. Let Y= {(r), (s), (t)}. By Corollary 11.6 we may assume that, for suitable free generators X, y of d"", one has r = x, s = y. Moreover, there exists v E F such that x and vtv-1 freely generate F. This implies (cf. Magnus-Marrass-Solitar, Combinatorial Group Theory (Intdrscience 1966), p. 169, Problem 3) that vtv-' = x"y'xp. cy, PEZ e = *l. Replacing, if necessary, t by a conjugate and y by y-l, we thus may assume that t = xay, QI E Z. Similarly, since there exists w E F such that y and wtw-' freely generate F, one has wtw -I = y "x 'y ', whence cy = f 1. Replacing, if necessary, x by X-* yields t = xy, as asserted.
. Let (F, 9') be a group pair, where G is the free group on and .Y' = {(rl), (rz), . . , , (Q), and consider the group G = (X1, X2, . . . , X, , Ul, l.42, . . . , Urn, VI, 212, . . . , V, ;  surface groups is a geometric
